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We show that macroscopic thermodynamical properties - such as functions of internal energy
and magnetization - can detect quantum entanglement in solids at nonzero temperatures in the
thermodynamical limit. We identify the parameter regions (critical values of magnetic field and
temperature) within which entanglement is witnessed by these thermodynamical quantities.
PACS numbers: 03.67.Hk, 03.65.Ta, 03.65.Ud
An entangled quantum system is impossible to de-
scribe by the states of its (local) constituents alone [1].
This fundamental feature of quantum mechanics can be
manifested in a phenomenon known as quantum non-
locality [2]. Besides being of fundamental interest, en-
tanglement is considered as the crucial resource for quan-
tum information processing [3], but its effects are not
generally seen beyond the atomic scale and only in well
controlled laboratory conditions. It is an intriguing and
fascinating question to what extend entanglement may
develop naturally in realistic complex systems and can
affect their macroscopic properties.
Recently, extensive efforts have been made to under-
stand theoretically and to quantify entanglement in solid
state systems [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19]. Within various models of interacting spins in
arrays entanglement was found to be present at moderate
nonzero temperatures – phenomenon known as thermal
entanglement [4, 5] – and has been linked to the exis-
tence of critical phenomena [10, 11, 12, 13, 20]. Most of
the studies, however, were limited to only small number
of spin sites. On the other hand, in the thermodynami-
cal limit (where the number N of spins tends to infinity)
entanglement was predominately investigated for the sys-
tems in their ground states [9, 10, 11, 12, 13, 14].
Only very few results are known about a possibility
of existence of entanglement and its properties in the
thermal states in the thermodynamical limit. Entangle-
ment as measured by concurrence [21] was shown to ex-
ist in this limit at nonzero temperatures in the trans-
verse Ising model [10] and the antiferromagnetic Heisen-
berg model [7, 8] and an upper bound for the multi-
partitive entanglement in the transverse Ising model was
given [16]. Finally, it was suggested that macroscopic en-
tanglement is possible even at high temperatures (as high
as 160 Kelvin) in high-temperature superconducters [17]
(see also Ref. [18]).
Thermodynamic laws are of very general validity, and
they do not depend on the details of the interactions
or type of the (microscopic) constituents of the sys-
tem being studied. When the system is at thermal
equilibrium under a certain temperature T , it is in a
thermal state ρ = e−H/kT /Z, where Z = Tr(e−H/kT )
is the partition function, H is the Hamiltonian and k
is the Boltzmann constant. The partition function is
the central object of statistical physics from which all
other thermodynamical quantities can be derived: e.g.
internal energy U = −(1/Z)(∂Z/∂β) or magnetization
M =−(1/Zβ)(∂Z/∂B), where β=1/kT . It is generally
believed that although the partition function is deter-
mined by the eigenvalues of Hamiltonian only, detecting
entanglement in solids requires in addition the knowledge
of the energy eigenstates. This is in general a hard prob-
lem and origin of the main difficulties in the research on
entanglement in solid state systems.
Recently, however, it was demonstrated experimentally
that entanglement can affect macroscopic properties of
solids, albeit at very low (critical) temperature (below 1
Kelvin) [19]. This extraordinary result opens up a pos-
sibility that purely quantum correlations between micro-
scopic constituents of the solid may be detected by only
a small number of macroscopic thermodynamical prop-
erties. In the similar spirit concurrence in the isotropic
XXX Heisenberg model [7, 8] and an upper bound on en-
tanglement in the transverse Ising model [16] was given
in terms of internal energy.
In this Letter we show that thermodynamical macro-
scopic properties can serve as (multipartitive) entangle-
ment witnesses for the thermal states in the thermo-
dynamical limit. Entanglement witnesses are observ-
ables which have positive expectation values for sepa-
rable states and negative one for some, specific, entan-
gled states [22]. We show that a function of internal en-
ergy and magnetization can detect entanglement in the
thermal states in the (XX and XXX) Heisenberg mod-
els for a wide range of values of the external magnetic
field and temperature. The critical temperature below
which entanglement is present in the system is of the
order of the coupling constant J (Experimental estima-
tions of this constant gives the values as high as about 10
Kelvin [23], where J is measured in kT units. Compare
with Ref. [17]).
We consider the linear (1D) spin chain in the Heisen-
berg model. The interaction is between nearest-neighbor
2spins and the external field B is along z direction. The
Hamiltonian is given by
H = −
N∑
i=1
(Jxσ
x
i σ
x
i+1+Jyσ
y
i σ
y
i+1+Jzσ
z
i σ
z
i+1)−B
N∑
i=1
σzi ,
(1)
where σxi , σ
y
i , and σ
z
i are the Pauli spin operators for the
ith spin. Throughout the paper we will consider special
cases of this Hamiltonian – the isotropic XXX Heisenberg
model with Jx=Jy=Jz=J and isotropic XX Heisenberg
model with Jx = Jy = J and Jz =0. The regimes J > 0
and J < 0 correspond to the antiferromagnetic and the
ferromagnetic cases, respectively.
We will now derive a thermodynamical entanglement
witness for a solid state system in thermal equilibrium.
Using U=〈H〉 and M=∑Nj=1〈σzj 〉 we obtain
U +BM
NJ
= − 1
N
N∑
i=1
(〈σxi σxi+1〉+ 〈σyi σyi+1〉+ 〈σzi σzi+1〉)
(2)
from Eq. (1). The right-hand of Eq. (2) is an entan-
glement witness as shown in Ref. [24]: for any separable
state, that is, for any classical mixture of the products
states: ρ =
∑
k wkρ
1
k ⊗ ρ2k ⊗ ...⊗ ρNk , one has
1
N
|
N∑
i=1
(〈σxi σxi+1〉+ 〈σyi σyi+1〉+ 〈σzi σzi+1〉)| ≤ 1. (3)
The proof is based on the fact that for any product state
ρ1k⊗...⊗ρNk and for every i one has |〈σxi σxi+1〉+〈σyi σyi+1〉+
〈σzi σzi+1〉| = |〈σxi 〉〈σxi+1〉 + 〈σyi 〉〈σyi+1〉 + 〈σzi 〉〈σzi+1〉| ≤√
〈σxi 〉2 + 〈σyi 〉2 + 〈σzi 〉2
√
〈σxi+1〉2 + 〈σyi+1〉2 + 〈σzi+1〉2 ≤
1. This is also valid for any convex sum of product states
(separable states). The upper bound was found by using
the Cauchy-Schwarz inequality and knowing that for any
state 〈σx〉2 + 〈σy〉2 + 〈σz〉2 ≤ 1. It is important to note
that the same proof can also be applied if one considers
XX Heisenberg model. In this case one has
1
N
|
N∑
i=1
(〈σxi σxi+1〉+ 〈σyi σyi+1〉| ≤ 1 (4)
for any separable state.
We now give our thermodynamical entanglement wit-
ness: if, in the isotropic XXX or XX Heisenberg model,
one has
|U +BM |
N |J | > 1, (5)
then the solid state system is in an entangled state. The
entanglement witness is physically equivalent to the ex-
change interaction energy or, equivalently, to the differ-
ence between the total (internal) energy U and the mag-
netic energy −BM . From the tracelessness of the Pauli
operators one can easily see that limT→∞ U → 0. This
means that the value of the internal energy as given by
(5) should be defined relatively to the referent value of
zero energy in the limit of high temperatures.
We now give an explicit example of a state that vi-
olates Ineqs. (3) and (4). This then completes the
proof that expression (5) is indeed an entanglement
witness and not just a bound that is trivially satis-
fied by any quantum state. As an example of such
a state we take the ground state of the antiferromag-
netic isotropic XXX Heisenberg model with zero mag-
netic field. The energy of this state was found to
be [9, 25]: |E0/JN |=1/N |
∑N
i=1(〈σxi σxi+1〉0+〈σyi σyi+1〉0+
〈σzi σzi+1〉0)| = 1.773 > 1, where the index “0” denotes
that the mean values are taken for the ground state.
Furthermore, due to the symmetry of the XXX Heisen-
berg Hamiltonian one has E0/(3NJ) = 〈σxi σxi+1〉0 =
〈σyi σyi+1〉0 = 〈σzi σzi+1〉0 =−1.773/3 for every i. This im-
plies that 1/N |∑Ni=1(〈σxi σxi+1〉0 + 〈σyi σyi+1〉0)| = 1.182 >
1. Therefore, Ineq. (5) is an entanglement witness for the
solid state systems described by XXX or XX Heisenberg
interaction.
We will now discuss various concrete models of spin
interaction of which some are exactly solvable and for
which dependence of internal energy U and magneti-
zation M on temperature T and magnetic field B are
known. This will help us to determine the parameter re-
gions of T and B within which one has entanglement in
the solids.
We first consider XXX Heisenberg model with no mag-
netic field (Jx = Jy = Jz = J and B =0). Since there is
no magnetic field, symmetry requires that magnetization
vanishes and thermodynamical witness (5) reduces to
|U |
N |J | > 1. (6)
In Ref. [7] it was shown that concurrence C (as a mea-
sure of bipartite entangelment [21]) is zero at any tem-
perature in the ferromagnetic case and that it is given by
C = 12 max [0, |U |/(NJ)− 1] in the antiferromagnetic
case. Thus C is nonzero if and only if |U |/(NJ) > 1. This
shows that our thermodynamical entanglement witness
can detect entire bipartite entanglement as measured by
concurrence. Furthermore, the fact that the value of the
entanglement witness for the ground state is well above
the limit of 1 (|E0/JN | = 1.773) suggests that entangle-
ment could exist and be detected by the thermodynami-
cal witness at nonzero temperatures as well.
Next we analyze XXX Heisenberg model with nonzero
magnetic field (Jx = Jy = Jz = J and B 6= 0).
Recently, it was shown that concurrence vanishes in
the thermodynamical limit for the ferromagnetic case
(J < 0) at low temperatures when only ground state
and the first excited states (single spin excitations) are
populated [15]. Within the validity of this approx-
imation the partition function is given by [15] Z =
3kT/J
B/J
FIG. 1: The parameter regions of temperature kT/|J | and
external magnetic field B/|J | (expressed in the units of the
coupling constant J ; k is the Boltzmann constant) where ther-
modynamical entanglement witness |(U+MB)/(NJ)| > 1 de-
tects entanglement in the XX Heisenberg solid state system
both in ferromagnetic and antiferromagnetic case.
eBβ(J+B)(1 + e−2βBN/
√
8piβJ). Using this we obtain
|U + BM |/(NJ) = 1 and thus no entanglement can be
detected at the level of approximation in agreement with
the result of Ref. [15].
We proceed with the consideration of XX Heisenberg
model with nonzero magnetic field (Jx = Jy = J , Jz = 0
and B 6= 0). This case is the most interesting as it is
exactly solvable and the partition function was found in
Ref. [26]. Let us introduce the following dimensionless
quantities: C = B/kT and K = J/kT (note a difference
of factor 2 in the definitions of J and K with respect to
Ref. [26]) and the function
f(K,C, ω) =
√
2K2 + 2K2 cos 2ω − 4CK cosω + C2
(7)
for convenience. Then the internal energy is given by [26]
U
N
= −kT
pi
∫ pi
0
f(K,C, ω) tanh f(K,C, ω)dω, (8)
and the magnetization by [26]
M
N
= − 1
pi
∫ pi
0
4K2 cos2 ω
f(K,C, ω)
tanh f(K,C, ω)dω (9)
both in ferromagnetic and antiferromagnetic case.
We use Eqs. (8) and (9) to determine the parameter re-
gions of temperature kT and magnetic field B for which
entanglement exists in the solid state system (Fig. 1).
The critical values of kT and B below which entangle-
ment can be detected is of the order of J , which can be
as high as 10 Kelvin [23].
Finally, we consider XX Heisenberg model with no mag-
netic field (Jx = Jy = J , Jz =0 and B =0). This model
is important for quantum information processing as it
describes the effective interaction in cavity QED and be-
tween two quantum dots [27]. It also can be used to
construct the controlled-NOT gate [27]. Since there is
no magnetic field, magnetization vanishes and thermody-
namical witness reduces again to Eq. (6). Nevertheless,
the expressions (8) for internal energy and (9) for mag-
netization are valid also for the case with no magnetic
field. Thus the axes B = 0 on Fig. 1 gives the tempera-
ture interval within which entanglement is present in the
XX system.
The common feature in all cases for which the existence
of entanglement could here be proven is that both high
temperatures and high values of magnetic field move the
thermal states away from the region with non-zero entan-
glement. This is understandable because high values of
magnetic field tend to order all spins parallel to the field
which corresponds to an overall state being a product of
the individual spin states. Increasing the temperature
has also entanglement destructive character due to ther-
mal fluctuations (which, on the other hand, can be un-
derstood due to the interaction between the environment
and the solid state system).
We note that our method for determining entangle-
ment in solids within the models of Heisenberg inter-
action is useful in the cases where other methods fail
due to incomplete knowledge of the system. This is the
case when only the eigenvalues but not eigenstates of the
Hamiltonian are known (which is the most usual case in
solid state physics) and thus no measure of entanglement
can be computed. Furthermore, in the cases where we
lack complete description of the systems we can approach
the problem experimentally and determine the value of
the thermodynamical entanglement witness by perform-
ing appropriate measurements.
Our work raises a number of interesting ques-
tions and possibilities for generalizations such as con-
sideration of Hamilonians with higher spins, two-
and three-dimensional systems, non-nearest interactions,
anisotropies, other thermodynamical properties (e.g.
heat capacity, magnetic susceptibility) and so on.
In conclusion, we show that the presence of entangle-
ment in solid state systems at nonzero temperatures in
the thermodynamical limit can be detected by measur-
ing solely macroscopic thermodynamical properties. The
parameter regions of temperature and magnetic field are
determined for which there is entanglement in the sys-
tems. Besides being of fundamental interest, we expect
our results to be useful for potential physical realization
of a future quantum computer. In the opinion of many
researchers, if the future computer is supposed to reach
the stage of wide commercial application, it should be
based on solid states systems. It will thus be important
to derive the critical values of physical parameters (e.g.
high-temperature limit) above which one can not harness
quantum entanglement in solids as a resource for quan-
tum information processing.
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